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We have conducted a thorough study of the acoustic properties between 10−4 and 1 Kelvin for the
amorphous metal ZrxCu1−x (x=0.3 and x=0.4), by measuring the relative change of sound velocity
∆v/v and internal friction Q−1 as a function of temperature and also of the applied strain, in both
superconducting and normal state. We have found that when plotted versus the ratio of strain
energy to thermal energy, all measurements display the same behavior: a crossover from a linear
regime of “independent” tunneling systems at very low strains and/or high enough temperatures
to a nonlinear regime where ∆v/v and Q−1 depend on applied strain and the tunneling systems
cannot be considered as independent.
PACS numbers: 62.65.+k, 63.50.+x, 61.43.Dq, 74.25.Ld
The standard tunneling model (STM), independently
introduced by Anderson, Halperin and Varma [1], and
Phillips [2] in 1972, provides a widely accepted basis for
the phenomenological description of thermal, dielectric
and acoustic properties of amorphous solids below 1 K
[3, 4, 5]. The central idea of the model is the universal
existence in glasses of a random distribution P (∆0,∆) =
P0/∆0 of independent two-level states or tunneling sys-
tems (TS) with quantum energy splitting ∆0 and asym-
metry ∆. Although low-temperature thermal proper-
ties have often been used to confirm the STM predic-
tions (especially in non-metallic glasses devoid of the
free-electron contributions which can overwhelm those
of TS), indeed acoustic properties in the kHz range are
much more sensitive to details of the TS and their in-
teractions with phonons and/or electrons. At very-low
temperatures and not very-high frequencies (T ≪ Tco),
the STM predicts [3, 4, 5] for dielectric glasses a rela-
tive change of sound velocity ∆v/v = C ln(T/T0) and
an internal friction Q−1 ∝ CT 3/ω. Above the crossover
temperature Tco (T ≫ Tco), (phonon) relaxational pro-
cesses add to resonant contributions to the sound veloc-
ity and ∆v/v = −C/2 ln(T/T0), whereas the relaxation-
dominated internal friction reaches a constant “plateau”
value Q−1 = (π/2)C. C is the fundamental, dimen-
sionless parameter of the STM (C = P0γ
2/ρv2, where
γ denotes a TS-phonon coupling constant, v and ρ are
sound velocity and density of the material) and T0 is an
arbitrary reference temperature. In amorphous metals
[6], conduction electrons provide in addition to phonons
an alternative channel for relaxation of the TS, typically
dominant below 1 K. In this case, Tco ∼ 1–10 µK is esti-
mated instead of Tco ∼ 100 mK as for dielectric glasses,
and experiments should therefore show a sound-velocity
variation with both resonant and electron relaxational
contributions ∆v/v = C/2 ln(T/T0), and an internal fric-
tion with a wide “plateau” Q−1 = (π/2)C. The good
overall agreement between these predictions and many
experiments [3, 4, 5, 7] gave the definitive support to
the STM. Nevertheless, significant discrepancies below
∼ 100mK have also been reported: internal friction in
dielectric glasses decreases for T < Tco much more slowly
than Q−1 ∝ T 3 [5, 8, 9], the slopes in ∆v/v are not al-
ways as predicted, and the acoustic properties of both di-
electric and metallic glasses exhibit a strong, unexpected
strain dependence [5, 8, 10].
On the other hand, Yu and Leggett [11] have ques-
tioned the general idea of independent, noninteracting
TS in glasses and the very STM, arguing that the univer-
sality of low-energy excitations may be the result of inter-
actions between some kind of defects. They emphasized
that the most important universality of glasses (compat-
ible with, but not explained by the STM) is that at low
frequencies l ∼ 150λ as found by Freeman and Anderson
[12] (l and λ being phonon mean free path and wave-
length, respectively), and hence Q−1plateau ≈ P0γ
2/ρv2 ∼
10−3, despite a great variation in P0, γ, ρ and v. On gen-
eral grounds [11], the effective interaction between two
TS separated by a distance r is dipolar elastic and the in-
teraction energy reads ∼ U0/r
3, with U0 ≈ γ
2/ρv2. The
observed universality of low-temperature glassy proper-
ties can therefore be written in terms of the dimensionless
interaction strength as P0U0 ≈ const ∼ 10
−3 (for a re-
view, see Burin et al. [13]). In practice, P0U0 could be a
few times larger than experimental data of Q−1plateau, since
the former is mainly determined by transverse phonons
whereas the latter usually measures the absorption of lon-
gitudinal sound waves P0γ
2
l
/ρv2
l
[14].
Although several attempts have been made to under-
stand aforementioned deviations from the STM of inter-
2nal friction and dielectric absorption by interacting-TS
induced relaxations [13], no consensus in this matter has
been achieved. Our aim here has been to address these
open questions, by studying the acoustic properties of
amorphous Zr30Cu70 as a function of temperature and
of applied strain in the range 0.1 mK < T < 1 K, both
in the superconducting (Tc = 95 mK) and in the normal
state, therefore being able to tune phonons or electrons
as TS relaxational centers. For comparison, we have also
measured Zr40Cu60 (Tc = 280 mK), for which there exist
published data above 10 mK [7].
Ribbons of ZrxCu1−x (30 µm thick) were prepared with
the melt-spinning technique in an argon-controlled en-
vironment. X-ray diffraction showed the samples were
fully amorphous. Critical superconducting temperatures
and magnetic fields were determined from electric resis-
tance measurements. Young-modulus sound velocity dis-
persion and absorption were measured at around 1 kHz
using the vibrating-reed technique in a nuclear adiabatic
demagnetization cryostat.
In Fig. 1, we show ∆v/v and Q−1 data for Zr30Cu70 in
both superconducting and normal (with a magnetic field
B = 250 mT) states, obtained at different excitation volt-
ages of the reed during warm-up periods of the nuclear
stage [10]. An eddy-current contribution to the inter-
nal friction, depending quadratically on magnetic field,
was measured and subtracted. Similar data for Zr40Cu60
(with B = 0), shown in the insets of Fig. 1, agree well
with published data above 10 mK [7], apart from an al-
most factor of 2 difference in the absolute value of internal
friction, which may be partially due to different contri-
butions from the clamping of the samples. The observed
behavior just below Tc is thought to arise from the strong
variation in the number of quasiparticles thermally acti-
vated in that temperature region [5, 7]. The maximum
in ∆v/v at Tco ≈ 30 mK (40 mK) for x=0.3 (x=0.4)
should correspond to the abovementioned crossover, oc-
curring when ωτ ∼ 1 (ω being the angular frequency of
the acoustic wave and τ the relaxation time of the TS).
As expected, this peak disappears in the normal metallic
state, since this crossover shifts to orders of magnitude
lower temperatures due to the much faster relaxation rate
of TS by electrons than by phonons.
However, below ∼ 10 mK both ∆v/v and Q−1 strongly
depend on the excitation voltage (hence on strain), a be-
havior similar to that observed in metallic glass PdSiCu
[8, 10]. Since the STM is linear in strain, it cannot ac-
count for any strain dependence of acoustic properties,
with exception of the observed saturation at high intensi-
ties of resonant absorption at ultrasonic frequencies [4, 5].
To study this effect in detail, we have conducted comple-
mentary experiments by measuring, at selected constant
temperatures, acoustic properties as a function of the ap-
plied strain which was obtained from the reed vibration
amplitude [10]. This is important since constant-voltage
curves do not mean constant-strain curves at very low
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FIG. 1: Sound-velocity variation (top) and internal friction
(bottom) for Zr30Cu70, measured at 1 kHz in superconducting
(SC) state below 95 mK (solid symbols, B = 0) and in normal
(N) state (open symbols, B = 250 mT) at different driving
voltages: 2 V (triangles), 1 V (circles). Extrapolated data to
zero strain (see text) are indicated by a solid line (SC) and
a dashed line (N). The inset shows data for Zr40Cu60. The
superconducting transitions are indicated by arrows.
temperature: the applied strain typically increases a fac-
tor of 3 with decreasing temperature along our constant-
voltage data sets. We show in Fig. 2 these measurements
taken for Zr30Cu70 (no magnetic field), plotted for con-
venience versus square-rooted strain to stretch the lower
strain region and facilitate the extrapolation of data to
zero limit. Although not shown here, a very similar be-
havior is observed in the normal state (B = 250 mT) and
for Zr40Cu60. As anticipated from Fig. 1, sound velocity
increases and internal friction decreases with strain, be-
low at least 12 mK. In addition, at relatively high strains,
a minimum value of Q−1 is observed. This also unex-
pected feature will not be studied here.
In the same spirit of Ref. [10], low-degree polynomial
fits (see Fig. 2) have been used to determine zero-strain
extrapolated data, which are shown in Fig. 1. Although
the lack of understanding of these strain-dependent ef-
fects –and hence of a function with physical meaning–
hinders a proper determination of zero-strain values (as
3already noticed in PdSiCu [10]), some conclusions can be
drawn: (i) sound velocity seems to recover the STM be-
havior in the zero-strain limit, though still exhibiting a
small saturation below a few mK, and with a logarithmic
slope in the SC state approximately double of that of the
N state, as predicted by the STM; (ii) in the N state,
Q−1 also seems to recover the expected plateau (as ob-
served in normal metallic PdSiCu [10]); (iii) nonetheless,
this reappareance of the plateau in Q−1 down to the low-
est temperatures occurs in the SC state too (instead of
∼ T 3), an absolutely unexpected result. Therefore, the
known observation in SC glasses [4, 5, 7] of a decrease in
the internal friction below the plateau value at lower tem-
peratures is shown here to be due to the applied strain,
not because of the expected ”crossover” at Tco ≈ 30 mK.
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FIG. 2: Sound-velocity variation ∆v/v (left) and internal fric-
tion Q−1 (right) of Zr30Cu70 at 1 kHz, plotted versus square-
rooted maximum strain of the vibrating reed, for several series
of measurements performed at selected constant temperatures
(see legend). Solid lines show polynomial fits used to find
zero-strain extrapolated values.
The search for a deeper comprehension of these strain-
dependent effects on acoustic properties, as well as the
need of a meaningful physical function to follow their
behavior at very low strain, led us to find out the strik-
ing representation shown in Fig. 3. All sets of constant-
temperature Q−1 data merge into a common curve,
resembling tanh(1/x), within experimental error when
displayed versus the dimensionless ratio of strain en-
ergy to thermal energy along almost 5 orders of magni-
tude (with the obvious exception of the abovementioned
temperature-independent upturn at higher strains, irrel-
evant for the present discussion). Corresponding curves
measured in the normal state (so expected to be dom-
inated by electronic instead of by phononic relaxation)
are also shown there. A typical value of γ = 1 eV has
been used for the coupling constant. As can be ob-
served, all curves show the same Q−1 “plateau” value
at γǫ/kBT < 10
−4 (strikingly, also in the SC, dielec-
tric case). Moderately increasing the strain, so that
γǫ/kBT > 10
−4, makes Q−1 to decrease with a roughly
10-6 10-5 10-4 10-3 10-2 10-1
1
2
3
4
5
1
2
3
4
5
nonlinearlinear
Zr30Cu70
 
10
5  
Q
-
1
(γ ε / kBT)
0.1
1
10
10-6 10-5 10-4 10-3 10-2 10-1
0.1
1
10
10
5  
∆ ∆v
/v
 
 
FIG. 3: Sound-velocity variation ∆v/v (top) and internal fric-
tion Q−1 (bottom) measured for Zr30Cu70 (solid symbols,
B = 0; open symbols, B = 250 mT), plotted versus the
ratio of strain energy to thermal energy, for several sets of
constant-temperature data such as those in Fig. 2.
logarithmic dependence on γǫ/kBT . When phonons are
replaced by electrons as TS relaxation centers in the nor-
mal state, the same behavior is observed, though the
slope is less steep. The problem encountered in zero-
strain extrapolations at the lowest temperatures (say, be-
low 5–10 mK) is also made clearer now: even the very low
strains used here are not low enough to completely reach
the “plateau” limit. On the other hand, ∆v/v, which is
much more governed by resonant processes (especially in
the SC state), also exhibit a crossover at γǫ/kBT ∼ 10
−4
from the strain-independent behavior expected within
the STM into a regime of strong increase of the sound
velocity with strain, either in N or SC states.
Furthermore, although we have shown and discussed
up to now only the case of Zr30Cu70 for sake of clarity, a
very similar plot can be obtained for Zr40Cu60 data in the
SC state, and also when we use earlier published data [10]
of the normal metal PdSiCu, pointing once again to a uni-
versal behavior of glasses. In Fig. 4, internal friction data
for all these cases have been normalized to their corre-
sponding constant value found at the plateauQ−1plateau, as-
suming always γ = 1 eV. Indeed, the reason for this nor-
malization of γǫ/kBT in terms of Q
−1
plateau is to emphasize
that in all cases the crossover from strain-independent be-
havior to strain-dependent one occurs when γǫ/kBT ≈
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FIG. 4: Internal friction normalized to its plateau value
Q−1/Q−1
plateau
versus the ratio of strain to thermal energies
in terms of Q−1
plateau
from different sets of measurements:
Zr30Cu70 (solid symbols, B = 0; open symbols, B = 250 mT),
Zr40Cu60 (solid lines, B = 0), normal conducting PdSiCu
(dashed lines, data from [10]).
2–5 Q−1plateau ≈ P0U0 (notice [14] as well as the uncer-
tainty in γ). It represents the main result of this work.
We want to show now that the observed general behav-
ior in Fig. 4 is in quantitative agreement with the model
of interacting TS [11] and that our strain-energy scans
at constant temperatures enable us to assess directly
(within the uncertainty in γ) the interaction strength
between TS. We note first that the observed behavior
cannot be ascribed to the saturation effects proposed
by Stockburger et al. [15], since the saturation regime
should be reached when γǫ/kBT ∼ 1, i.e. at 4 orders-of-
magnitude higher strains. In short, TS pairs can interact
through the exchange of virtual phonons. P0 × kBT is
the number of thermally activated TS per unit volume,
and then P0U0×kBT is the total effective interaction en-
ergy between TS at the considered temperature. If the
strain energy driven by the sound wave γǫ is less than
that interaction energy, one may observe the “true” un-
perturbed response of the TS, in which only their interac-
tion and the thermal energy determine the temperature
dependence of the acoustic properties. However, when
γǫ > (P0U0 × kBT ), the system is perturbed and non-
linear effects will affect the acoustic properties, the STM
picture of independent TS being no longer valid. The
dashed line in Fig. 3 would therefore indicate the bor-
der between the independent-TS, linear regime (left) and
the nonlinear regime arising from TS interaction at high
enough strain/temperature ratios (right). This crossover
will occur around ∼ 20–50 mK for typical experiments
as already mentioned, but strictly speaking depends on
the variable ǫ/T , since strain and thermal energies play
an inextricably combined role in the acoustic properties
of glasses at low temperatures due to the mutual inter-
action of TS. The challenge remains for theoreticians to
account in detail for the observed behavior in the nonlin-
ear regime (a logarithmic decrease of sound absorption
and a corresponding increase of sound velocity with the
strain –in terms of TS thermal energy–), as well as for
the specific behavior due to TS relaxational processes
(at least when mediated by phonons) even in the linear
regime, which has been shown to clearly deviate from the
STM predictions too.
In summary, acoustic experiments in metallic glasses,
both in SC and N states, with variation of the strain
energy used, have enabled us to obtain the interaction
strength between TS in amorphous solids which is found
to be in quantitative agreement with the model of inter-
acting TS [11]. Our results provide a clue to generally
account for the overall observed experimental deviations
of the acoustic properties in glasses from the predictions
of the STM. We have been able to study in detail this
behavior by using the vibrating-reed technique which, in
contrast to other techniques, allows measuring at very
low strains only limited by experimental resolution.
This work was supported by the “TMR-Large Scale
Facility Program: contract No. ERB FMGE CT950072”
of the EU. Valuable discussions with A. Burin and
many other participants of the Workshop on Collective
Phenomena in the Low-Temperature Physics of Glasses
(Dresden, 2000), organized by S. Hunklinger, C. Enss
and R. Ku¨hn, are gratefully acknowledged.
[1] P. W. Anderson, B. I. Halperin, and C. M. Varma, Phil.
Mag. 25, 1 (1972).
[2] W. A. Phillips, J. Low Temp. Phys. 7, 351 (1972).
[3] W. A. Phillips, ed.: Amorphous Solids: Low Temperature
Properties (Springer, Berlin, 1981); W. A. Phillips, Rep.
Prog. Phys. 50, 1657 (1987).
[4] S. Hunklinger and A. K. Raychaudhuri, in Progress in
Low Temperature Physics, Vol. IX, edited by D.F. Brewer
(Elsevier, Amsterdam, 1986).
[5] P. Esquinazi, ed.: Tunneling Systems in Amorphous and
Crystalline Solids (Springer, Berlin, 1998).
[6] J. L. Black, in Glassy Metals I, edited by H.-J.
Gu¨ntherodt and H. Beck (Springer, Berlin, 1981).
[7] A. K. Raychaudhuri and S. Hunklinger, Z. Phys. B 57,
113 (1984).
[8] P. Esquinazi, R. Ko¨nig, and F. Pobell, Z. Phys. B 87,
305 (1992).
[9] J. Classen, T. Burkert, C. Enss, and S. Hunklinger, Phys.
Rev. Lett. 84, 2176 (2000).
[10] M. A. Ramos, R. Ko¨nig, E. Gaganidze, and P. Esquinazi,
Phys. Rev. B 61, 1059 (2000).
[11] C. C. Yu and A. J. Leggett, Comments Cond. Mat. Phys.
14, 231 (1988).
[12] J. J. Freeman and A. C. Anderson, Phys. Rev. B 34,
5684 (1986).
[13] A. L. Burin, D. Natelson, D. D. Osheroff, and Y. Kagan,
in Ref. [5], Chap. 5.
[14] See, for instance, Ref. [5], p. 181 and pp. 259-260.
[15] J. Stockburger, M. Grifoni, M. Sassetti, and U. Weiss, Z.
Phys. B 94, 447 (1994); J. T. Stockburger, M. Grifoni,
and M. Sasseti, Phys. Rev. B 51, 2835 (1995).
